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ABSTRACT: Blown-film modeling is useful to the flexi-
ble packaging industry for predicting process and bubble
characteristics, such as freeze line height (FLH), bubble
diameter, and film thickness. The use of a suitable rheo-
logical equation to describe material properties is critical
in simulating the blown-film process. In this article, we
present an improved rheological constitutive equation,
which incorporates more realistic parameters of stress
and deformation properties of the materials by combining
the Hookean model with the Phan-Thien Tanner (PTT)
model. The proposed PTT–Hookean model is aimed at
enhancing the viscoelastic behavior of the melt during

biaxial stretching in the blown-film extrusion. Predictions
of the blown-film bubble characteristics and FLH
obtained with the PTT–Hookean model agreed well with
the experimental data of this study and previous studies
with different materials and different die geometries. The
justification for combining the Hookean model with the
PTT model in the blown-film process is also reported
here. VVC 2008 Wiley Periodicals, Inc. J Appl Polym Sci 111: 2657–
2668, 2009

Key words: crystallization; extrusion; modeling; rheology;
simulations

INTRODUCTION

The blown-film process involves the biaxial stretch-
ing of annular extrudate to make a suitable bubble
according to the requirements of a product. During
this film-blowing process (see Fig. 1), molten poly-
mer from the annular die is pulled upward by the
take-up force; air is introduced at the bottom of the
die to inflate the bubble, and an air ring is used to
cool the extrudate. The nip rolls are used to provide
the axial tension needed to pull and flatten the film
into the winder. The speed of the nip rolls and the
air pressure inside the bubble are adjusted to main-
tain the process and product requirements. At a cer-
tain height from the die exit, the molten polymer is
solidified by the effect of cooling followed by crys-
tallization. This height is called the freeze line height
(FLH). After the FLH, the bubble diameter is
assumed to be constant. Depending on the rheologi-
cal properties of polymer and the cooling rate, the
FLH and film properties vary with a nonlinear rela-
tion between them. This is the reason that majority

of the modeling and simulations of the film-blowing
process in the literature1–6 have focused on the
region between the die exit and the freeze line.
During the film-blowing process, the take-up force

is balanced by the axial component of the forces
arising because of the deformation of the melt and
the circumferential force due to the pressure differ-
ence across the film. Generally, rheological cons-
titutive equations combined with fundamental
film-blowing equations7,8 are solved to simulate the
film-blowing process. The stress, deformation tensor,
and rate of deformation tensor derived from the
rheological constitutive equations are directly used
in the film-blowing equations along with the key pa-
rameters of the material, such as the relaxation time,
slippage parameter of the polymer chain, zero-shear
viscosity, zero-shear modulus, and flow activation
energy. Hence, the strength and suitability of the
rheological constitutive equations have a great
impact on the prediction of bubble and processing
characteristics from the modeling.
During biaxial stretching, the polymer is a complex

liquid near the die exit. It then gradually changes to a
solidlike material as it moves toward the FLH
because of heat transfer and crystallization. A liquid-
like model can be used to predict the rheological
properties of the polymer close to the die exit, and a
solidlike model is more suitable for the material
approaching the FLH. Therefore, much research has
focused on the development of a rheological model to
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satisfy the material’s stress and deformation proper-
ties between the die exit and the FLH where a liquid-
to-solid transition is involved.2,3,5,9

Following the blown-film modeling of Han and
Park,10 Khonakdar et al.2 solved the modeling equa-
tions using assumed values of FLH, blow-up ratio,
film thickness, and film temperature. The integration
was carried out from the FLH to the die exit. They
found that the film thickness value met closely with
the die-exit data, whereas a variation of the blow-up
ratio was observed at the die exit. The rate of defor-
mation in the transverse direction might have been
responsible for the variations in the bubble size.
Muke et al.3 developed a blown-film model using
the Kelvin model to consider the viscoelastic effect
of commercial polypropylene homopolymer (MA-3)
and reported good agreement between their model-
ing results and the experimental data of bubble char-
acteristics (e.g., diameter, thickness, temperature).
However, their results did not show the stress relax-
ation behavior of the material, which is an important
parameter in the film-blowing process, and it is well
known that the prediction of the stress relaxation
behavior is poor from the Kelvin model.11

For the nonisothermal study of the Maxwell
model, Luo and Tanner5 reported the bubble shapes
of 14 nonisothermal runs [4 runs with a blow-up ra-
tio (BUR) > 1 and 10 runs with BUR < 1]. For the 4
runs with BUR > 1, a reasonable agreement of the
experimental data was obtained. However, no con-
vergent results were obtained for BUR < 1 because
of numerical instability. The transient behavior and
stability of the film-blowing process were studied by
Hyun et al.9 with the viscoelastic Phan-Thien Tanner
(PTT) model. Because of the consideration of the

complex nonlinear nature of the partial differential
equations and the boundary conditions, the dynam-
ics of the blown-film process predicted from this
study9 were more realistic. Although film crystallin-
ity is an important factor for blown-film process dy-
namics as reported by Pirkle and Braatz,12 the
crystallization kinetics of the melts were not consid-
ered in this modeling,9 and the predictions were lim-
ited from the die exit to the FLH.
Blown-film modeling incorporating crystallization

properties and viscoelasticity were reported by Mus-
let and Kamal4 with the PTT and neo-Hookean mod-
els. Their simulation results showed good agreement
with the experimental data obtained by Butler
et al.13 and Ghaneh-Fard et al.14 Nevertheless, Mus-
let and Kamal’s4 results also showed that the film
thickness continued to decrease after the FLH, at
which point a stable bubble size had already been
achieved at the FLH for material G [linear low-den-
sity polyethylene (LDPE)]. This indicated that their
rheological equations might have predicted the re-
sults inadequately near the FLH. Several other stud-
ies of some specific aspects of blown-film modeling
have also been reported in the literature.1–5,9,10,15–18

The majority of blown-film modeling3,4,8 has
started with assumed values of the FLH and bubble
characteristics at the FLH, which were then traced
back to match the die-exit parameters. However, the
polymer film industry is more interested in the de-
velopment of a mathematical model that can predict
FLH and, consequently, realistic values of the bubble
characteristics (diameter, thickness, and temperature)
at the FLH, given the die-exit parameters. From a
practical point of view, the industry also requires
the model prediction to be efficient with acceptable
accuracy. To meet industrial requirements, a modi-
fied rheological constitutive equation has been
developed and is presented in this article. The sig-
nificance of the modified rheological constitutive
equation is to incorporate the most realistic values of
the stress and deformation properties near the FLH
in the blown-film model by the combination of the
PTT model with the Hookean model; this is solved
for a steady-state solution. The processing character-
istics predicted with this model were verified with
the pilot-plant data and the experimental data of
Muke et al.3 Justification for the use of the Hookean
model (solidlike) with the PTT model (liquidlike) in
the blown-film modeling is also presented here with
identical processing conditions of two different
LDPEs.

GOVERNING EQUATIONS OF THE
FILM-BLOWING PROCESS

The governing equations presented here are based
on the following assumptions: (1) all stresses in the

Figure 1 Blown-film production at the pilot plant.
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molten polymer develop before the die exit has been
relaxed; (2) the flow of the molten polymer is homo-
geneous under biaxial extension;4 (3) the process is
in a steady state, and the bubble is axisymmetric5

with respect to the vertical axis (z direction in Figs. 1
and 2); and (4) the die swell, inertia, gravity, surface
tension, and air drag effects are neglected.7,8

Fundamental film-blowing equations

With regard to the thin-film bubble membrane stud-
ied by Pearson and Petrie,7,8 the bubble was
assumed to have two radii of curvature, R1 (in the
machine direction) and R3 (in the transverse or hoop
direction), which could be expressed in terms of the
following expressions:

R1 ¼ � sec3 h
d2r=dz2

¼ �½1þ ðdr=dzÞ2�3=2
d2r=dz2

(1)

R3 ¼ r

cos h
¼ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðdr=dzÞ2

q
(2)

tan h ¼ dr

dz
(3)

where y is the angle of film blowing and r is the
dimensionless local bubble radius. According to the
conservation of mass, the mass flow rate ( _m) is
calculated as

_m ¼ pðr20 � r2i Þv0qm ¼ 2pqsrHV (4)

where r0 and ri are the outer and inner radii of the die
opening; v0 and V are the linear velocities of the
bubble at the die opening and at the freeze line,
respectively; qm and qs are the densities of the material
in the molten and solid states, respectively; and H is
the local film thickness. Therefore, for incompressible
materials, the volumetric flow rate (Q) through the die
is as follows:

Figure 2 Schematic diagram of the blown-film process with surface coordinates and free-body diagram of the forces.
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Q ¼ 2prHvm ¼ Constant (5)

where vm is the velocity in the meridional (machine)
direction. The velocity in the transverse direction is
zero because of the axisymmetric nature of the bubble.
The velocity in the thickness or normal direction is not
exactly zero but negligible because the film is of
changing the thickness from the die exit to FLH.5

The derivative of eq. (5) with respect to z (the dis-
tance along the film blowing) yields a relation
between the deformation rates in the blowing:3

dvm
dz

¼ � 1

H
vm

dH

dz
� 1

r
vm

dr

dz
(6)

where dvm
dz , � 1

H vm
dH
dz , and � 1

r vm
dr
dz represent the rates

of stretching along the machine, normal, and trans-
verse directions, respectively.

If one considers that a small amount of material is
in equilibrium under a set of membrane forces, the
equilibrium equation of the stresses in the normal
(thickness) direction is as follows:5

DP
H

¼ rm

R1
þ rt

R3
(7)

where DP is pressure variation, or the internal pres-
sure measured relative to the atmospheric pressure,
and rm and rt are the principal stresses in the
machine and transverse directions, respectively.

Replacing R1 and R3 in eq. (7) yields

DP
H

¼ cos h
rt

r
� rm

dh
dz

� �
(8)

According to previous studies,3,6 the total force (F)
is balanced by F(z), Fg(z), and Fp(z) in Figure 2, as
shown in the following equation:

F ¼ FðzÞ þ FgðzÞ � FpðzÞ (9)

where F(z) is the axial component of the force gener-
ated because of the deformation of the material,
Fp(z) is the force due to the pressure difference
between the inside and outside of the bubble, and
Fg(z) is the force due to gravity. In this study, Fg(z)
was neglected. Hence

FðzÞ ¼ FpðzÞ þ F (10)

FðzÞ ¼ �DPpðr2 � r20Þ þ 2pHrrm cos h (11)

where

cos h¼ 1þ dr

dz

� �2
" #�1=2

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

p

Differentiating eq. (11) and arranging it with eq.
(8) yields

r0
m ¼ rm

r0

r

rt

rm
� 1

� �
�H0

H

� �
(12)

In the previous equations and hereafter, the prime
(0) refers to the derivatives with respect to the
dimensionless distance from the die exit in the axial
direction z.
Rearranging and combining eqs. (1)–(12) gives the

dimensionless fundamental film-blowing equations
regardless of the rheological constitutive equations:3

L ¼ ðAþ Br2Þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

p

rh
(13)

r00 ¼ ½hC ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

p � 2rBð1þ r02Þ�
Aþ Br2

(14)

where L is the dimensionless stress in the machine
direction:

L ¼ r0r11

g0v0

where rij is the principal stress on the bubble, g0 is
the zero-shear viscosity. A is the dimensionless ten-
sile force:

A ¼ Fzr0
g0Q

� B
rf

r0

� �2

where rf is the bubble radius at the freeze line height
(FLH), Fz is the tensile force at the freeze line. B is
the dimensionless bubble pressure:

B ¼ pr30DP
g0Q

h is the dimensionless film thickness, r00 is the sec-
ond-order derivative of the dimensionless bubble ra-
dius with respect to the dimensionless distance in
the axial direction z, and C is the dimensionless
stress in the transverse direction:

C ¼ r0r33

g0v0

Rheological constitutive equations

The rate of the deformation tensor ( _e) in the surface
coordinate system can be expressed in terms of the
dimensionless film velocity (v), bubble radius, film
thickness, angle of film blowing, and the distance
from the die:

_eij ¼ v cos h

1
v
dv
dz 0 0

0 1
h
dh
dz 0

0 0 1
r
dr
dz

0
@

1
A (15)
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In this study, total stress (si) is proposed to be the
combination of the stresses in the molten state (sm)
and the solid state (ss):

si ¼ sm þ ss (16)

where sm is calculated with the PTT model and ss is
calculated with the Hookean model.

According to the previous studies,4,9 the PTT
model for the molten state is expressed as follows

2g _ei ¼ siYðsÞ þ k si
r þ 2nðsi _eiÞ

h i
(17)

These symbols are related to eq. (17) as referred
from the literature.4,9 In eq. (17), g is the viscosity, Y
is the dimensionless function for extensional flow
properties and si

r
is the upper convective time deriv-

atives for expressing deformation rate history.4,9

Where _ei is the deformation rate tensor, s is the
deviatoric stress, k is the relaxation time, and n is
the slippage parameter of the polymer chains in the
PTT model.4 So, the total stress can be calculated as

si ¼ siYðsÞ þ k½ sir þ 2nðsi _eiÞ� þ 2G0ei (18)

where G0 is the zero-shear elastic modulus and

s
r
i ¼ ds

dt
� ½rv�½si� � ½si�½rv�t

YðsÞ ¼ exp
ek
g
trsi

� �

where e is the extensional property of the film in the
PTT model.4

The strain and rate of strain acting on an element of
fluid in each of the principal directions are given as3

e11 ¼ ln
v

v0

� �
¼ ln

r0H0

rH

� �
(19a)

where the subscript 0 refers to conditions at the die
exit (e.g., H0 is the local film thickness at the die exit).

e22 ¼ ln
H

H0

� �
(19b)

e33 ¼ ln
r

r0

� �
(19c)

_e11 ¼ vffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

p �H0

H
� r0

r

� �
(19d)

_e22 ¼ vH0

H
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

p (19e)

_e33 ¼ vr0

r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
rþ r02

p (19f)

Hence, the deviatoric stresses (sij’s) in each of the
principal directions are

ds11
dz

¼ 1

kv cos h

�
s11 1� YðsÞ þ 2ð1� nÞk _e11ð Þ � 2G0e11

�
(20a)

ds22
dz

¼ 1

kv cos h

�
s22 1� YðsÞ þ 2ð1� nÞk _e22ð Þ � 2G0e22

�
(20b)

ds33
dz

¼ 1

kv cos h

�
s33 1� YðsÞ þ 2ð1� nÞk _e33ð Þ � 2G0e33

�
(20c)

The total stress for each of the components is
related to the deviatoric stresses of the constitutive
equations3 by

rij ¼ sij � pdij (21)

where p is the isotropic pressure and dij is the

Kronecker delta: dij ¼ 1 i ¼ j
0 i 6¼ j

� �
. The stress at the

free surface is equal to atmospheric pressure.3 This
gives

p ¼ s22

Hence

r11 ¼ s11 � s22 (22)

and

r33 ¼ s33 � s22 (23)

Introducing the following dimensionless terms into
the previous equations [eqs. (21)–(23)]

h ¼ H

H0

r ¼ R

r0

z ¼ Z

r0

v ¼ V

v0

t ¼ T � Ta

Ta

(where t is the dimensionless temperature, T is the
temperature, and Ta is the ambient air temperature)

De ¼ kv0
r0

¼ g0v0
G0r0

(where De is the Deborah number)
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g ¼ gðTÞ
g0

L ¼ r0r11

v0g0

C¼ r0r33

v0g0

and rearranging these equations gives the dif-
ferential stresses with respect to z in the machine,
transverse, and normal (thickness) directions, respec-
tively:

L0 ¼ L

De
½1� YðsÞ� � 2ð1� nÞ Lvffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ r02
p h0

h
þ r0

r

� �� �

� 2ð1� nÞ Pvffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

p 2h0

h
þ r0

r

� �� �
� 2 ln 1=rh2

� 	
De2

ð24Þ

P is the dimensionless stress in normal direction.

C0 ¼ C

De
½1� YðsÞ� þ 2ð1� nÞ r0Cv

r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

p
� �

þ 2ð1� nÞ Pvffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

p h0

h
þ r0

r

� �� �
� 2 ln r=hð Þ

De2
ð25Þ

s022 ¼
P

De
1� YðsÞð Þ � 2 lnðhÞ

De2
þ 2ð1� nÞPvh0

h
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

p (26)

where

YðsÞ ¼ exp
eDe

g
ðs11 þ s22 þ s33Þ

� �

Equations (13), (14), and (24)–(26) are combined to
obtain the following nonlinear differential equation
to determine the bubble characteristics:

h0

h
1� 2ð1� nÞ vffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ r02
p 1þ 2P

r11

� �� �
¼ r0

r

r33

r11
� 1

� �

� 1

De
1� YðsÞð Þ þ 2ð1� nÞr0v

r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

p 1þ P

r11

� �
þ 2

De2
ln

1

rh2

� �
(27)

Although complex thermodynamics are involved
during the film-blowing process because of the effect
of cooling air and other process dynamics, most
blown-film modeling1,3,5,15 has ignored the effect by
the treatment of the heat-transfer coefficient as a
constant. In this study, the thermodynamic effect is
considered by the incorporation of a modified heat-
transfer function [eq. (28)] from previous studies4,19

with the dimensionless energy equation.5 The end
effect of the cooling air at the lip of the die exit and
after the FLH was not considered in eq. (28). Equa-
tion (28) incorporates the effects of the temperature

difference between the film surfaces, the velocity of
the cooling air, and the radius of the bubble on the
heat-transfer coefficient (Hc):

Hc ¼
0:084Vair 560� 780 expð�1:27ðTsurface � TairÞ� 0:035rÞb c

1þ expðzÞ
ð28Þ

Consequently, the dimensionless energy equation5

used in this study is

t0 ¼ Ce C
r0

r
� L

h0

h
þ r0

r

� �� �
� Chrt

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

p
(29)

where Ce ¼ g0Q=2pa20h0qCpTa (a0 is the bubble radius
at the die exit) is the dimensionless energy dissipa-
tion coefficient and Ch ¼ 2pa20Hc=qCpQ is the dimen-
sionless heat-transfer coefficient, where q is the
density and Cp is the specific heat of the polymer.
According to previous studies,3,5 the following

temperature dependence of the viscosity function
(Arrhenius type) is used here:

g0ðTÞ ¼ g0ðT0Þ exp Ea
1

T
� 1

T0

� �� �
(30)

where g0(T) is the zero-shear viscosity as a function
of temperature, g0(T0) is the zero-shear viscosity at
the die exit, T0 is the die temperature, and Ea is the
flow activation energy of the polymer.
In summary, the newly established viscoelastic

model uses the PTT model (a well-known nonlinear
viscoelastic rheological model describing the melt-
flow behavior (Hyun et al.9) instead of the Newto-
nian model (as used in the Kelvin model) together
with the Hookean model. Thus, the PTT–Hookean
model has the capability of predicting nonlinear
behavior of the melt at high deformations.

NUMERICAL TECHNIQUES AND INITIAL
AND BOUNDARY CONDITIONS

A fourth-order Runge–Kutta method (Kutta–Simp-
son 1/3 rule) is used to solve the set of steady-state
film-blowing equations presented in the previous
section [eqs. (13), (14), (24)–(27), and (29)] simultane-
ously. To ensure the stability of the solution, a step
size of 0.01 is used. The codes were written in Maple
Version 10 for the numerical integration. The solving
process initiates from the die exit with the input pa-
rameters as shown later in Table II and continues
until the changes in the bubble expansion and thick-
ness reduction with respect to the dimensionless
axial distance become negligible or approach zero
(drdz � 0 and dh

dz � 0). The solving process is terminated
once these are achieved. The axial distance from the
die exit to the location of termination is then consid-
ered to be the predicted FLH.
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The boundary conditions at the die exit (z ¼ 0) are
r ¼ 1 (bubble diameter is equal to the die diameter),
h ¼ 1 (bubble thickness is equal to the die gap), and
t ¼ Tdie�Ta

Ta
, where Tdie is the temperature at the die

exit.

EXPERIMENTAL DATA

Shear rheology

Compression-molded samples of the LDPEs [Pol-1
and Pol-2 (Table I)] 2 mm thick prepared at 200�C
and a force of 120 kN were cut into discs 25 mm in
diameter for the shear rheological test. Dynamic and
steady-shear rheological properties were obtained
with the Advanced Rheometrics Expansion System
rheometer (ARES). All measurements in the ARES
were performed with a force transducer in a torque
range between 0.2 and 400 g cm. Steady-shear rheo-
logical data at higher shear rates (1–50 s�1) were
obtained from a Davenport capillary rheometer.
Rheological measurements of MA-3 were described
elsewhere.3

The flow activation energies were calculated with
eq. (31) as 57.03 and 52.01 kJ/mol for Pol-1 and Pol-2,
respectively, which provided a good indication of the
higher degree of long-chain branching for Pol-1.20 A
modified Cross model [eq. (32)] was used to measure
the zero-shear viscosity with the ARES and the capil-
lary rheometer data of the resins. Discrete relaxation
spectrum data from the ARES was used to calculate
the average relaxation time (kAvg) with eq. (33):

aT ¼ exp
Ea

R

1

T
� 1

T0

� �� �
(31)

where aT is the shift factor and R is the universal
gas constant:

gðTÞ ¼ g0ðTÞ
1þ K2 _cm

(32)

where _c is the shear rate and K2 and m are model
constants:

kAvg ¼
P

Gkk
2
kP

Gkkk
(33)

TABLE II
Rheological and Processing Parameters of the Resins Used in the Modeling

Input Pol-1 Pol-2 MA-33

q (kg/m3) 922 922 900
g0 (Pa s) 96,503 (at 200�C) 26,000 (at 200�C) 22,800 (at 210�C)
k (s) 14.65 (at 200�C) 1.74 (at 200�C) 18.4 (at 210�C
Ea/R (K) 6860 6255 4924
_m (kg/h) 7.5 7.5 3.9
Ta (

�C) 25 25 25
Tdie (

�C) 200 200 210
Die diameter (mm) 65 65 40
H0 (mm) 2.038 2.038 0.75
Crystallization temperature (�C) 103 102 123
De0 (kv0/r0) 5.86 0.696 7.11
e4 0.05 0.05 0.05
n4 0.147 0.147 0.147
v0 (m/s) 0.013 0.013 0.0077
A 0.61 0.61 0.83885
B 0.2035 0.2035 0.38773
Ce 0.000034402 0.00000932 0.00002234

TABLE I
Molecular Characteristics of the LDPEs Obtained from the Gel Permeation

Chromatography Study

Resin property LDPE-1 (Pol-1) LDPE-2 (Pol-2)

Weight-average molecular weight (Mw) 167,000 135,000
Number-average molecular weight (Mn) 17,600 15,500
Z-average molecular weight 610,000 515,000
Molecular weight distribution (Mw/Mn) 9.48 8.71
Branching index 0.24 0.32
Branches per Dalton 1.45 � 10�3 8.40 � 10�4

Branches per 1000C 20 12
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where Gk is the relaxation modulus and kk is the
relaxation time.

Pilot-plant study

An advanced extrusion blown-film coextrusion as-
sembly (diameter ¼ 20 mm, length/diameter ¼ 30 :
1 and compression ratio ¼ 2.2 : 1 for Screw-1 and
Screw-3 and diameter ¼ 25 mm, length/diameter ¼
30 : 1, and compression ratio ¼ 2.8 : 1 for Screw-2)
manufactured by Future Design, Inc., was used to
process the LDPE resins at AMCOR Research and
Technology’s blown-film pilot plant (Mississauga,
Ontario, Canada). A die geometry with a 2.032-mm
gap and 65-mm diameter was used in this study.
Films were produced at 200�C (die temperature) and
four different blower settings (2.4, 2.6, 2.8, and 3.0,
which corresponded to average air velocities of 6.7,
7.2, 7.7, and 8.2 m/s, respectively outside of the bub-
ble). The speed of the screws was kept constant to
maintain an average mass flow rate of 7.5 kg/h. The
nip roller speed was equipped with a sophisticated
controlled device of digital output. With a digital
micrometer, the final film thickness of Pol-1was
measured at about 110–120 lm (lm).

RESULTS AND DISCUSSION

The prediction of the FLH and bubble characteristics
(diameter, thickness, and temperature) at the FLH
were the main objectives of this study. Therefore, it
is necessary to discuss the modeling outputs first,
that is, whether they showed a realistic prediction,
before they are compared with the experimental
data. According to previous studies,4,9 the PTT
model is the best to describe the stress and deforma-
tion properties of a polymer when it is in the molten
state and in the field of extension. Therefore, the
prediction may not be correct close to the freezing
line if only the PTT model is used. A solidlike rheo-
logical model, such as the Hookean model, may
make better predictions close to the FLH because the
phase of the material is almost in a solid state when
it is close to the freezing line. Furthermore, a signifi-
cant region between the die exit and the FLH deals
with a liquid–solid phase transition because of heat
transfer arising from the cooling effect. This is a
highly nonequilibrium complex dynamic process.

There has been no a widely accepted rheological
model presented in the literature to describe the
stress and deformation properties during this liq-
uid–solid phase transition. The current PTT model
could fit both liquid and solid behavior of the poly-
mer melt if proper functional expressions and equa-
tions were used in the governing equations of the
blown-film system. The dynamic solution of such a
system in obtaining the FLH as the moving bound-
ary of the partial differential equations in the gov-

erning equations could be very time-consuming and
expensive, particularly when one is dealing with the
stability and multiplicity issues of the solutions. This
is, indeed, the main objective of the future research
of this project. However, at this stage, to satisfy the
demand of the industry, a practical rheological con-
stitutive equation is proposed [see eq. (16)]. This
model simply combines the PTT and the Hookean
model to describe the stress and deformation prop-
erties in the liquid–solid transition zone.
Considering the film crystallinity in the solid state,

Muslet and Kamal4 proposed a similar model that
combined the PTT model and the neo-Hookean
model for viscoelasticity of the material. However,
their model predictions showed significant deforma-
tion of the film in all (machine, transverse, and thick-
ness) directions after the FLH. This is impractical in
the blown-film process and also contradictory to their
results of the bubble diameter, which was predicted
as constant after the FLH. In their work, a sharp tran-
sition was also observed in the predicted curve of the
film thickness when the model input parameters
were shifted from the liquid phase to the solid phase.
Those issues were solved in this study by use of the
proposed constitutive equation [eq. (18)] in the funda-
mental blown-film equations [eqs. (13) and (14)].

Verification of the modeling results

Instead of focusing on the blowing angle near the
die, as was done in several studies,4,5,15 or on any
calculations after the FLH,4,15 in this study, we
focused on the prediction of the processing and bub-
ble characteristics close to the FLH. The results of
the bubble diameter predicted by this model are pre-
sented in Figure 3. Similar to earlier studies by Mus-
let and Kamal4 and Luo and Tanner,5 Figure 3
shows that the bubble diameter decreased as the
Deborah number at the die exit (De0 ¼ kv0=r0)
increased for both materials (Pol-1 and Pol-2).
A realistic value of the heat-transfer coefficient is

required to simulate an actual film process because of
its rapid changes in temperature from the die exit to
the FLH and above. Several studies5,15,21 in the past
have simulated the blown-film process with a con-
stant value of the heat-transfer coefficient. In reality,
the heat-transfer value is high at the die exit and then
decreases along the direction of flow. In this study, a
heat-transfer function [eq. (28)] was used with the
energy equation [eq. (29)] to incorporate a better esti-
mate of the heat-transfer coefficient (Fig. 4) to simu-
late the blown-film bubble characteristics from the
die exit to the FLH. The results are given in Figure 5.
The rheological and processing parameters listed

in Table II were used in the simulation of the
blown-film process. Figure 5 presents the experimen-
tal and predicted values of the bubble diameter,
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thickness, and temperature of the film for two differ-
ent materials (Pol-1 and MA-3) with different die
geometries. The experimental data of MA-3 were
obtained by Muke et al.3 of the Rheology and Mate-
rials Processing Centre, RMIT University. We
obtained the experimental data for Pol-1 using the
pilot plant of the AMCOR Research and Technology,
Melbourne. As shown in Figure 5, the experimental
data for bubble diameter, film thickness, and film
temperature of both polymers agreed reasonably
well with the model predictions near the FLH. Also,

there was no sharp transition in the thickness profile
or any other deformations after the FLH, which was
similar to an earlier study,4 for both LDPEs. The
model predictions of the bubble characteristics (di-
ameter, thickness, and temperature) were smooth
from the die exit to the FLH. These simulation
results show that the proper values of the rheologi-
cal properties were incorporated with the fundamen-
tal film-blowing equations. Because of the FLH
instability18 during processing, a variation in the
FLH was observed between the experimental and
predicted data (Fig. 5). The results from this study
should be very practical and useful to the plastics

Figure 3 Effect of De0 (Deo ¼ De0 ¼ kv0
r0
) on the bubble

shapes of (a) Pol-1 and (b) Pol-2.

Figure 4 Prediction of the heat-transfer coefficient of Pol-
1 with eq. (28).

Figure 5 Verification of the modeling outputs with the
experimental data obtained from a previous study3 and
this study: (a) bubble diameter, (b) film temperature, and
(c) film thickness.
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industry for the selection of suitable materials for
customized and large-scale productions.

Stress and strain rate predicted from the PTT–
Hookean model are presented in Figures 6 and 7.
Higher values of strain rate and stresses were found
in the machine direction than in the transverse direc-
tion. These values showed realistic predictions in
both directions, although the experimental data for
stress and strain rate are not available here. Figure 6
shows that the stress in the transverse direction
increased from the die exit and then dropped near
the FLH. The strain rate in the transverse direction
was predicted to be higher near the die exit (Fig. 7)
and then decreased to the lower values near the
FLH. The prediction of the strain rate in the machine
direction (Fig. 7) increased from the die exit and
then dropped near the FLH. These data show that
the PTT–Hookean model was able to describe the
stress and deformation properties of the polymer in
a realistic way. Therefore, the simulated results of
the bubble diameter, film thickness, and film tem-
perature of the polymers (Pol-1 and MA-3) with the
PTT–Hookean model conformed to the experimental
data (Fig. 5).

Significance of the PTT–Hookean model in
numerical simulations

As discussed in previous sections, the PTT model
gives accurate predictions for materials with certain

Figure 6 PTT–Hookean model prediction of the stresses
in the machine direction (MD) and transverse direction
(TD) for Pol-1.

Figure 7 PTT–Hookean model predictions of the strain
rate in the machine direction (MD) and transverse direc-
tion (TD) for Pol-1.

Figure 8 Comparisons of the numerical stabilities in the
predictions of the PTT model and PTT–Hookean model
for the LDPEs with a higher value of De0 (Pol-1) and a
lower value of De0 (Pol-2), respectively: (a) bubble diame-
ter for Pol-1, (b) bubble diameter for Pol-2, (c) film thick-
ness for Pol-1, and (d) film thickness for Pol-2.
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properties. This was also confirmed by the transient
study of the blown-film modeling with the PTT
model by Hyun et al.9 They found good agreement
between their predicted and experimental results. In
this study, the predictions for Pol-1 from both the
PTT and PTT–Hookean models agreed very well, as
shown in Figure 8(a,c). However, the PTT and PTT–
Hookean models gave different predictions for Pol-2,
as shown in Figure 8(b,d). Figure 8(b) shows an
extra FLH and an increased bubble diameter for Pol-
2 as predicted with the PTT model as compared to
the predictions with the PTT–Hookean model. Fur-
thermore, the thickness prediction of Pol-2 from the
PTT model showed that the thickness of the film
continued to increase at and after the FLH [see Fig.
8(d)]. This was not realistic, as the thickness of the
film should have been constant when it reached the
FLH, as predicted from the PTT–Hookean model
[see Fig. 8(d)].

The relaxation time and melt elasticity of the ma-
terial might have been the controlling factors in the
calculation of the deformation near the die exit,
which gave incorrect predictions for Pol-2 with the
PTT model. Luo and Tanner5 reported that De0 is a
solidlike or elastic parameter, which controls the
stretching. The larger value of De0 represents the
more solid like response of the material. For Pol-1,
De0 was 5.86, whereas it was 0.696 for Pol-2. Because
of the higher melt elasticity and relaxation time (Ta-
ble II) of Pol-1, the predictions from the PTT–Hoo-
kean model were nearly identical to the predictions
from the PTT model [see Fig. 8(a,c)]. For Pol-2, with
a low De0 value, the predictions from the PTT–Hoo-
kean model were much more realistic than those
from the PTT model, as shown in Figures 8(b,d). To
further investigate the effect of De0 on the PTT
model, a series of film thickness predictions with the
PTT model with various values of De0 were carried
out. The results are presented in Figure 9. As shown
in Figure 9, the effect of De0 on the prediction of
film thickness with the PTT model was significant,
as realistic predictions were observed only at higher
De0 values with the PTT model. Figure 9 also
presents the prediction of film thickness with the
PTT–Hookean model for the material (Pol-2) with
lower melt elasticity (De0 ¼ 0.7). The prediction was
much more realistic than that obtained from the PTT
model. Therefore, we concluded that the PTT–Hoo-
kean model was more suitable for describing the
real processing and bubble characteristics when
materials with lower values of melt elasticity and
relaxation time are used in a blown-film simulation.

Transient simulations would provide more accu-
rate solutions for dynamic processes such as blown-
film extrusion. However, a steady-state simulation is
more practical, as it has the advantages of being
simple, efficient, and able to provide the predictions
accurate enough to meet the needs of the industry.

CONCLUSIONS

In this article, the necessity of a suitable rheological
equation was justified for obtaining improved pre-
dictions from blown-film modeling. The best possi-
ble values of the rheological properties were
obtained with a combined PTT and Hookean model
(PTT–Hookean), particularly for materials with
lower melt elasticity and relaxation time. The PTT–
Hookean model can

� Predict a realistic profile of bubble characteris-
tics (diameter, thickness, and temperature).

� Predict the FLH with the die-exit data.
� Provide good agreement between the predicted

values and the experimental results of this
study and previous3 studies.

NOMENCLATURE

A Dimensionless tensile force
ARES Advanced Rheometrics Expansion System

rheometer
aT Shift factor
B Dimensionless bubble pressure
BUR Blow up ratio
C Dimensionless stress in the transverse

direction
Ce Dimensionless energy dissipation coefficient
Ch Dimensionless heat-transfer coefficient
Cp Specific heat of the polymer
De Deborah number
De0 Deborah number at the die exit
Ea Flow activation energy
F Total force
FLH Freeze line height
Fz Tensile force at the freeze line
F(z) Axial component of the force generated

because of the deformation of the material
Fg(z) Force due to gravity

Figure 9 Effect of De0 (De0 ¼ De0) of Pol-2 in the predic-
tion of the blown-film thickness with the PTT model and
the model of this study.
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Fp(z) Force due to the pressure difference between
the inside and outside of the bubble

G0 Zero-shear elastic modulus
Gk Relaxation modulus
h Dimensionless film thickness
H Local film thickness
Hc Heat-transfer coefficient
K2 Model constant
L Dimensionless stress in themachine direction
LDPE Low-density polyethylene
m Model constant
_m Mass flow rate
MA-3 Polypropylene homopolymer
Mn Number-average molecular weight
Mw Weight-average molecular weight
p Isotropic pressure
DP Pressure variation, or the internal pressuremea-

sured relative to the atmospheric pressure
PTT Phan-Thien Tanner
Q Volumetric flow rate
r Dimensionless local bubble radius
R Universal gas constant
r0 Outer radius of the die opening
R1 Radius of curvature in themachine direction
R3 Radius of curvature in the transverse direction
r00 Second-order derivative of the dimensionless

bubble radius with respect to the dimen-
sionless distance in the axial direction z

ri Inner radius of the die opening
t Dimensionless temperature
T Temperature
T0 Die temperature
Ta Ambient air temperature
Tdie Temperature at the die exit
v Dimensionless film velocity
V Linear velocity at the freeze line
v0 Linear velocity of the bubble at the die opening
vm Velocity in the machine direction
z Dimensionless distance in the axial direction

Greeks

dij Kronecker delta
e Extensional property of the film in the

PTT model
ei, eij Deformation tensor
_eij Deformation rate tensor
_c Shear rate
k, kk Relaxation time
kAvg Average relaxation time
g0 Zero-shear viscosity
g0(T) Zero-shear viscosity as a function of

temperature

g0(T0) Zero-shear viscosity at the die exit
q Density
qm Density of the material in the molten state
qs Density of the material in the solid state
rm Principal stress on the bubble in the

machine direction
rt Principal stress on the bubble in the

transverse direction
y Angle of film blowing
s, sij Deviatoric stress
si Total stress
sm Stress in the molten state
ss Stress in the solid state
n Slippage parameter in the PTT model

Subscripts

0 Refers to conditions at the die exit
1 or m Refers to conditions in the machine direction
2 or n Refers to conditions in the normal or

thickness direction
3 or t Refers to conditions in the transverse or

hoop direction
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